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ENGEL ELEMENTS IN SOME FRACTAL GROUPS
GUSTAVO A. FERNA´NDEZ-ALCOBER, ALBERT GARRETA,
AND MARIALAURA NOCE
Abstract. Let p be a prime and let G be a subgroup of a Sylow pro-p
subgroup of the group of automorphisms of the p-adic tree. We prove that if
G is fractal and |G′ : stG(1)
′| = ∞, then the set L(G) of left Engel elements
of G is trivial. This result applies to fractal nonabelian groups with torsion-
free abelianization, for example the Basilica group, the Brunner-Sidki-Vieira
group, and also to the GGS-group with constant defining vector.
We further provide two examples showing that neither of the requirements
|G′ : stG(1)
′| = ∞ and being fractal can be dropped.
1. Introduction
In this paper we prove that certain fractal groups have no nontrivial Engel
elements. These include the Basilica group, the Brunner-Sidki-Vieira group, and
the GGS-group with constant defining vector. The complete family is described
in Theorem A.
An element g of a group G is called left Engel if for every x ∈ G there exists
an integer n = n(g, x) ≥ 1 such that [x, g, n. . ., g] = 1. The set of all left Engel
elements of G is denoted by L(G), and if L(G) = G we say that the group G is
an Engel group. Major areas of interest in Engel theory stem from the following
questions:
(1) If G is an Engel group, is G locally nilpotent?
(2) Is L(G) a subgroup of G?
Question 1 was considered by Burnside in the same paper of 1902 where he
posed the famous Burnside problem. In general, the answer to Question 1 is
negative: the Golod-Safarevich groups are Engel, but not locally nilpotent. The
latter are the only known finitely generated example with this property. On the
other hand, Question 1 has a positive answer for some families of groups such
as: finite groups (Zorn, 1936), groups that have the max property (Baer, 1957),
soluble groups (Gruenberg, 1959), and compact groups (Medvedev, 2003).
Notice that some Golod-Safarevich groups provide also a negative answer to
the Burnside problem, i.e. they are infinite finitely generated groups all of whose
elements have finite order. Other examples of groups with these properties are
given by many fractal branch groups such as the first Grigorchuk group G and
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the Gupta-Sidki group G. One may ask if these groups constitute a negative
answer to the “Engel problem” as well (i.e. to Question 1). Bartholdi [2] showed
in 2016 that this is not the case for G and G. More precisely, he proved that
L(G) = {g ∈ G | g2 = 1} and L(G) = 1. Observe that Bartholdi’s result for
G answers Question 2 negatively. We remark that Bludov provided a similar
(unpublished) example in 2005 (see [14]). It is also noticeable that there exists
an automaton group where determining if an element is left Engel is undecidable
[9].
Likewise considerations can be made for right Engel elements and bounded
right or left Engel elements (see the end of this introduction). We refer to the
surveys [1, 16] for further general information. See also [7, 15] for recent results
on right and bounded Engel elements in some types of branch groups.
The paper is organized as follows. In Section 2, we introduce some basic
terminology regarding (strongly) fractal groups G of automorphisms of the d-
adic tree. We prove that, for such groups, L(G) ⊆ stG(1) implies that L(G) = 1.
In Section 3, we consider group actions G y H. In this context, we use a
more general notion of commutator. This is achieved by defining [h, g] = h−1hg,
where hg is the action of g on h, and h ∈ H, g ∈ G. One then denotes by
L(Gy H) the set of all g ∈ G such that for all h ∈ H, we have [h, g, n. . ., g] = 1
for some n.
We start by showing that if F y A is an Engel action of a finite group F on
a finitely generated abelian group A, then 〈[A,F ]〉 is finite. Then, we prove the
main result of the paper, which we state below. By Γ we denote the standard
Sylow pro-p subgroup of AutTp (see Definition 1).
Theorem A. Let G ≤ Γ be a fractal group such that |G′ : stG(1)
′| =∞. Then
L(G) = 1.
The main idea of the proof is the following: denote by ¯ the projection of G
onto G/ stG(1)
′. The conjugation G y stG(1) induces an action G y stG(1).
Since stG(1) is abelian, the latter yields an action
(1) G/stG(1)y stG(1).
Note that G/stG(1) ∼= Cp. Using our previous results, we conclude that either
the action (1) is Engel and then |G′ : stG(1)
′| < ∞, or else it is trivial and
L(G) ⊆ stG(1), in which case L(G) = 1.
In Section 4, we apply Theorem A to a certain class of fractal groups, and we
obtain the following results.
Theorem B. Let G ≤ Γ be a fractal group with torsion-free abelianization.
Then L(G) = 1.
Theorem C. The following groups have no nontrivial left Engel elements: the
Basilica group, the Brunner-Sidki-Vieira group, and the GGS-group with con-
stant defining vector G.
Theorem B can be applied directly to the Basilica and the Brunner-Sidki-
Vieira group. This is not the case with G. Instead, we reduce the study of L(G)
to a subgroup K that meets (up to conjugation in Aut Tp) the requirements of
Theorem B.
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In Section 5 we finish the paper by showing that none of the conditions
|G′ : stG(1)
′| =∞ and being fractal can be omitted in Theorem A.
We end this introduction by pointing out that if L(G) = 1 for some group
G, then L(G) = R(G) = R(G) = 1. This is due to the following inclusions
(proved in [12]): R(G)−1, L(G), R(G)−1 ⊆ L(G). Here, R(G) stands for the set
of right Engel elements, and the bars indicate that the elements are bounded
left or right Engel, respectively (see [1, 16]).
2. Engel elements in strongly fractal groups
Throughout the paper we will use the following standard notation: [x,n y] =
[x, y, n. . .y] = [[x,n−1 , y], y] for n ≥ 2, and [x,1 y] = [x, y] = x
−1y−1xy. We also
let [x,0 y] = x.
We start this section by fixing some terminology regarding groups G of auto-
morphisms of rooted d-adic trees (see [3] or [13] for a detailed discussion on this
topic). Afterwards, we prove that if G is strongly fractal, then L(G) ⊆ stG(1)
implies that L(G) = 1 (Corollary 4).
Let d be a positive integer, and Td (or T ) the rooted d-adic tree. The group
of automorphisms of T is denoted by AutT . We let Ln be the n-th level of
T . The n-th level stabilizer of AutT is the subgroup of AutT that fixes every
vertex of Ln. We will denote it by st(n). More generally, if G ≤ AutT , we
define the n-th level stabilizer of G as stG(n) = st(n) ∩ G. Notice that these
stabilizers are normal subgroups of the corresponding group. We let ψ be the
isomorphism
ψ : st(1) −→ AutT ×
d
· · · ×AutT
g 7−→ (gu)u∈L1 ,
where gu is the section of g at the vertex u, i.e. the action of g on the subtree
Tu that hangs from the vertex u. An automorphism s ∈ AutT is called rooted
if there exists a permutation σ ∈ Sd such that s rigidly permutes the trees
{Tu | u ∈ L1} according to the permutation σ. We will identify s and σ. Notice
that if g ∈ st(1) with ψ(g) = (g1, . . . , gd), and σ is a rooted automorphism, then,
(2) ψ(gσ) =
(
gσ−1(1), . . . , gσ−1(d)
)
.
Any element g of a group of automorphisms G ≤ AutT can be written uniquely
in the form g = g0σ, where g0 ∈ st(1) and σ is a rooted automorphism. The
group G ≤ AutT is said to be self-similar if
ψ(g0) ∈ G×
d
· · · ×G
for all g ∈ G (thus for example AutT is self-similar).
The decomposition g = g0σ above applied to the elements of Aut Td, together
with the action (2), yields isomorphisms
AutTd ∼= st(1) ⋊ Sd ∼=
(
AutTd × d. . .×AutTd
)
⋊ Sd
∼= AutTd ≀ Sd ∼= ((· · · ≀ Sd) ≀ Sd) ≀ Sd.
(3)
Definition 1. Let p be a prime and let σ be the rooted automorphism of AutTp
corresponding to the cycle (1 . . . p). The Sylow pro-p subgroup of AutTp induced
by σ is the subgroup Γ ≤ AutTp that is mapped to ((· · · ≀ 〈σ〉) ≀ 〈σ〉) ≀ 〈σ〉 =
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((· · · ≀ Cp) ≀ Cp) ≀ Cp under the isomorphism (3). Note that if p = 2 we have
Γ = Aut T2.
In this paper we will mostly study self-similar groups G ≤ Aut Tp such that
G ≤ Γ. In this case, every element g ∈ G can be written in the form g = hσt,
for some t ∈ Z and h ∈ st(1) such that ψ(h) ∈ G× · · · ×G.
A self-similar group G is called strongly fractal if πi(stG(1)) = G for all
i = 1, . . . , d, where πi is the projection onto the i-th component of G× d. . .×G.
If G ≤ Γ, then this is equivalent to saying that G is fractal, by Lemma 2.5 of
[17].
We now study the set of left Engel elements of strongly fractal groups G ≤
Aut Td. We will use the following identity
(4) ψ ([h,n g]) = ([h1,n g1], . . . , [hd,n gd]) ,
which holds for any two elements h, g ∈ st(1). Here the hi’s and gi’s are the
components of ψ(g) and ψ(h).
Lemma 2. Let G ≤ Aut Td be a strongly fractal group. Then
L(G) ∩ stG(1) =
{
h ∈ stG(1) | ψ(h) ∈ L(G) × d. . .× L(G)
}
.
Proof. Let g ∈ L(G) ∩ stG(1), and write ψ(g) = (g1, . . . , gd). We show that
each gi is left Engel. Assume for contradiction that there exists h ∈ G be
such that [h,n gi] 6= 1 for all n. Since G is strongly fractal, there exists an
element s ∈ stG(1) such that ψ(s) = (h1, . . . , hi−1, h, hi+1, . . . , hd), for some
h1, . . . , hi−1, hi+1, . . . , hd ∈ G. Then, by (4),
ψ ([s,n g]) = ([h1,n g1], . . . , [hi−1,n gi−1], [h,n gi], [hi+1,n gi+1], . . . , [hd,n gd]) .
This element is nontrivial because [h,n gi] 6= 1 for all n, and so [s,n g] 6= 1 for all
n, contradicting the fact that g ∈ L(G).
To prove the reverse inclusion, let h ∈ stG(1) be such that all components
of ψ(h) are left Engel, and let g be any element of G. Then, since stG(1) is
normal in G, we have [g, h] ∈ stG(1). It follows now from the equality (4) that
[g,n h] = 1 for some n, as required. 
The following constitutes a key observation.
Proposition 3. Let S be a subset of AutTd. Suppose that S ⊆ st(1) and that
ψ(S) ⊆ S × d. . .× S. Then S = 1.
Proof. Suppose that S 6= 1. Then there exists a maximum n such that S ⊆ st(n),
but S 6⊆ st(n + 1). Let s ∈ S. In particular, s ∈ st(1), and the components
s1, . . . , sd of ψ(s) belong to S by hypothesis. Since S ⊆ st(n), each si stabilizes
the first n levels of Td, and hence s ∈ st(n + 1). This occurs with all s ∈ S,
yielding the contradictory inclusion S ⊆ st(n+ 1). Therefore S = 1. 
The following is an immediate consequence of Lemma 2 and Proposition 3.
Corollary 4. Let G ≤ AutTd be a strongly fractal group such that L(G) ⊆
stG(1). Then L(G) = 1.
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3. Engel elements, group actions, and fractal groups
In this section, we generalize the notion of commutator and of left Engel
element to the context of group actions G y H. We will use exponential
notation to refer to the action of a group G on another groupH, so that h·g = hg
for all g ∈ G,h ∈ H.
Given an action of groups G y H, one may define commutators by letting
[h, g] = h−1hg, for g ∈ G and h ∈ H. Then, [h,n g] is defined similarly as before.
Of course, if H is a normal subgroup of G and the action Gy H is the standard
conjugation, then [h, g] is the usual commutator h−1g−1hg. An element g ∈ G
is called left Engel with respect to Gy H if for all h ∈ H there exists n ≥ 1 such
that [h,n g] = 1. The set of left Engel elements of G with respect to G y H
will be denoted L(Gy H). If L(Gy H) = G, then Gy H is called an Engel
action. Given S ⊆ H, and T ⊆ G, we denote 〈[S, T ]〉 = 〈[s, t] | s ∈ S, t ∈ T 〉.
We start by proving a key fact regarding how periodic groups can act on
finitely generated abelian groups.
Proposition 5. Let Gy A be an Engel action of a finite group G on a finitely
generated abelian group A. Then 〈[A,G]〉 is finite. As a consequence, if A is
free abelian, then the action Gy A is trivial.
Proof. Let ℓ be the order of G, and take two elements a ∈ A, and g ∈ G. We
claim that if [a,n g] = 1 for some n, then [a, g]
ℓn−1 = 1. We argue by induction
on n, the case n = 1 being obvious. Let n > 1, and suppose [a,n g] = 1. If
we denote s = [a,n−2 g], we have [s, g, g] = 1. One can then prove by induction
that [s, gk] = [s, g]k for all k ∈ Z. Then [a,n−1 g]
ℓ = [s, g]ℓ = [s, gℓ] = 1. Write
K = 〈[a,n−1 g]
h | h ∈ G〉, A = A/K, and consider the Engel action G y A,
which is still an Engel action of a finite group on a finitely generated abelian
group. Then, [a¯,n−1 g] = [a,n−1 g] = 1 and, by induction, [a¯, g]
ℓn−2 = 1. Thus,
[a, g]ℓ
n−2
∈ K, and so [a, g]ℓ
n−1
= 1 because K is abelian generated by elements
of order dividing ℓ. This completes the proof of the claim.
We have proved that each element of the generator set [A,G] of 〈[A,G]〉 has
finite order. Since 〈[A,G]〉 is finitely generated and abelian, we conclude that
〈[A,G]〉 is finite. The last part of the lemma immediately follows. 
Now we can proceed to the proof of our main theorem.
Theorem 6. Let G ≤ Γ be a fractal group such that |G′ : stG(1)
′| =∞. Then
L(G) = 1.
Proof. Write S for stG(1). We claim that L(G) ⊆ S, from which L(G) = 1
follows by using Corollary 4 and the fact that subgroups of Γ are strongly fractal
if and only if they are fractal (Lemma 2.5 of [17]). By way of contradiction, we
assume that L(G) 6⊆ S. Since G ≤ Γ, this implies that |G : S| = p and also the
factor group G/S′ is soluble. By a result of Gruenberg (Theorems 2 and 4 of
[11]), L(G/S′) is a subgroup of G/S′.
Since S/S′ is an abelian normal subgroup of G/S′, we have S/S′ ⊆ L(G/S′)
and then either L(G/S′) = S/S′ or G/S′. In the former case, we have L(G) ⊆ S,
which is a contradiction. In the latter, G/S′ is an Engel group. Since S/S′ is
abelian, the action of G on S by conjugation induces an action of G/S on S/S′,
by which we have [sS′, gS] = [s, g]S′ for all s ∈ S and g ∈ G. Thus this action
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is Engel. By Proposition 5, the subgroup 〈[G/S, S/S′]〉 is finite, i.e. 〈[G,S]〉/S′
is finite. Now since G/S is cyclic, it follows that G′ = 〈[G,S]〉 and we conclude
that G′/S′ is finite. This contradiction completes the proof of the theorem. 
4. Applications to specific fractal groups
In this section we apply our main result to a family of fractal groups. Since
R(G)−1, L(G), R
−1
(G) ⊆ L(G) for any group G, by proving that L(G) = 1 one
automatically obtains that each one of these sets is also trivial. We will omit
this observation in the statement of the subsequent results.
Theorem 7. Let G ≤ Γ be a nonabelian fractal group with torsion-free abelian-
ization. Then L(G) = 1.
Proof. Denote S = stG(1). By Theorem 6, it suffices to prove that |G
′ : S′| =
∞. Suppose towards contradiction that this is not the case. Let πi be the
projection of G× p. . .×G onto its i-th component. Notice the chain of inclusions
S′ ≤ G′ ≤ S ≤ G. Since G is strongly fractal, πi(ψ(S
′)) = G′ for all i = 1, . . . , p.
By assumption |G′ : S′| < ∞, hence |ψ(G′) : ψ(S′)| < ∞ and |πi(ψ(G
′)) :
πi(ψ(S
′))| < ∞, for all i = 1, . . . , p. Thus, πi(ψ(G
′))/G′ is a finite subgroup of
G/G′. Since G/G′ is torsion-free, it follows that πi(ψ(G
′)) = G′ for all i. This
implies that ψ(G′) ≤ G′ × p. . . × G′. In this case, by Proposition 3, we have
G′ = 1, which is a contradiction. 
4.1. The Basilica group and the Brunner-Sidki-Vieira group. The Basil-
ica group B is the subgroup of AutT2 generated by the two automorphisms a
and b defined as:
a = (1, b), b = (1, a)σ,
where σ is the rooted automorphism of T2 that corresponds to the permutation
(12). Here we make the abuse of notation of writing a = (1, b) instead of
ψ(a) = (1, b), and similarly for the element (1, a).
The Brunner-Sidki-Vieira group S is the group of automorphisms of T2 gen-
erated by
c = (1, c−1)σ, d = (1, d)σ,
where σ is the rooted automorphism of T2 corresponding to the cycle (12).
Again, we have omitted the map ψ in the definition of c and d.
In [10] and [4] it is proved that B and S have torsion-free abelianization.
Then, the following holds.
Theorem 8. The Basilica group and the Brunner-Sidki-Vieira group have no
nontrivial left Engel elements.
4.2. The GGS-group with constant defining vector. Let p be an odd
prime, and e = (e1, . . . , ep−1) a vector such that ei ∈ {0, . . . , p − 1} and such
that not all the ei are 0. The GGS-group Ge, named after Grigorchuk, Gupta,
and Sidki, is the group generated by the two automorphisms a, b ∈ AutTp, where
a is the rooted automorphism corresponding to the cycle (1 . . . p), and b ∈ st(1)
is:
b = (ae1 , . . . , aep−1 , b).
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The group Ge is fractal for any vector e, but other properties depend on the
choice of e (see [6]). For instance, Ge is just infinite if and only if e is not
constant. In this paper we consider only the case when e is constant: i.e. e1 =
· · · = ep−1 = n for some nonzero n. Since proportional nonzero vectors define
the same GGS-group, we may assume that n = 1. Throughout this section we
let G denote G(1,...,1).
According to Lemma 4.2 of [6], G has a normal subgroup K of index p such
that G is weakly regular branch over K ′. Moreover, if ¯ denotes the projection
G → G/K ′, then by Proposition 3.4 of [5], we have G = K ⋉ 〈a〉, with K ∼=
C∞ ×
p−1. . . × C∞, and 〈a〉 ∼= Cp.
Our goal is to prove that L(G) = 1. We first show that L(G) ⊆ L(K) by
studying L(G), and then we prove that L(K) = 1.
Lemma 9. We have L(G) = K. As a consequence, L(G) ⊆ L(K).
Proof. Since G is soluble, L(G) is a subgroup of G, and since K is abelian, we
have K ≤ L(G). Thus either L(G) = K or G. In the latter case, the action of 〈a〉
onK is Engel and, sinceK is free abelian, this action is trivial, by Proposition 5.
Hence G is abelian and G′ = K ′, which is a contradiction, since |G : G′| = p2 is
finite by Theorem 2.1 of [6]. It follows that L(G) = K and, since L(G) ⊆ L(G),
we get L(G) ⊆ L(K). 
We now proceed to prove that L(K) = 1. Unfortunately, K is not self-similar.
This can be fixed by appropriately conjugating K in AutTp.
Lemma 10 ([8]). Let h ∈ st(1) be such that ψ(h) = (ah, a2h, . . . , ap−1h, h).
Then Kh is strongly fractal.
Proof. As shown in Lemma 4.2 of [6], K is generated by y0 = ba
−1, and yi = y
ai
0
(i = 1, . . . , p − 1). Write
z1 = (z1, 1, . . . , 1)a
−1, z2 = (1, z2, 1, . . . , 1)a
−1, . . . , zp = (1, . . . , 1, zp)a
−1.
By making computations, one may check that yhi = zi for all i (reading the
subindices modulo p). Hence, Kh is generated by the zi. It is now clear that
Kh is self-similar, and strong-fractalness of Kh is a consequence of the identity
zpi = (zi, . . . , zi), which holds for all i. 
Theorem 11. The GGS-group with constant defining vector has no nontrivial
Engel elements.
Proof. By Lemma 9, it suffices to show that L(K) = 1. Let h be the element of
Lemma 10. Since K ∼= Kh, one has that L(K) = 1 if and only if L(Kh) = 1. To
prove the latter we will use Theorem 7. Lemma 10 states that Kh is fractal, and
clearly Kh is a subgroup of the Sylow pro-p subgroup Γ. On the other hand,
(Kh)/(Kh)′ ∼= K/K ′ is torsion-free. Hence, by Theorem 7, we have L(Kh) = 1,
and we conclude that L(G) = 1. 
5. The lamplighter group and the adding machine: examples
Theorem 6 states that L(G) = 1 for any fractal group G such that G ≤ Γ ≤
AutTp and |G
′ : stG(1)
′| =∞. In this section we show that if |G : G′| =∞ and
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|G′ : stG(1)
′| < ∞ this is no longer true. We also prove that the condition of
being fractal cannot be dropped.
Recall that the lamplighter group L is the metabelian group C2 ≀ C∞. It is
well known that L can also be seen as the group of automorphisms of the binary
tree T2 generated by a = (a, aσ) and the rooted automorphism σ corresponding
to the cycle (12).
Proposition 12. The lamplighter group L satisfies the following properties:
L ≤ Γ = Aut T2, |L : L
′| =∞, L is fractal, |L′ : stL(1)
′| is finite, and L(L) 6= 1.
Proof. The first property is trivially satisfied. To see that the group L is fractal,
notice that the first components of a and aσ generate L, since a = (a, aσ) and
aσ = (aσ, a). The same holds for the second components. It is also well known
that the abelianization of L is isomorphic to C2 × C∞ with 〈σL
′〉 ∼= C2 and
〈aL′〉 ∼= C∞.
We now prove that the index of stL(1)
′ in L′ is finite. Let us write S = stL(1).
Notice that S′ ⊆ L′ ⊆ S ⊆ L. One can compute that S = 〈a, aσ〉. Now, letting
c = [a, σ],
S/S′ = 〈aS′, aσS′〉 = 〈aS′, acS′〉 = 〈aS′, cS′〉.(5)
We claim that L′/S′ = 〈cS′〉. Indeed, let y ∈ L′/S′. In particular, y ∈ S/S′,
and by (5), y = ancmS′, for some m and n. Then, anS′ ∈ L′/S′ and thus n = 0,
because 〈aL′〉 ∼= C∞. It follows that L
′/S′ ≤ 〈cS′〉, and so L′/S′ = 〈cS′〉. Notice
that c has order 2 because c = [a, σ] = a−1aσ = (σ, σ). Then, |L′ : S′| ≤ 2 (in
fact, |L′ : S′| = 2 by Proposition 3).
Finally, since the base group of L is abelian and normal, it is contained in
L(L) and L(L) 6= 1. 
We next show that the requirement of being fractal is necessary in Theorem 6.
Let H be the subgroup of Aut T2 generated by σ and x, where σ is again the
rooted automorphism corresponding to the cycle (12), and x = (1, x)σ is the
so-called adding machine.
Proposition 13. The group H ≤ Γ = AutT2 is not fractal, |H
′ : stH(1)
′| =∞,
and L(H) = stH(1).
Proof. Let b = xσ and note that b ∈ st(1) and b2 = (x, x). Then both elements
x and b have infinite order. By easy computations, one can see that stH(1) =
〈b, bσ〉. Since b = (1, x) and bσ = (x, 1), we have stH(1) ∼= C∞ × C∞. In
particular, stH(1)
′ = 1. Moreover H ′ = 〈[σ, b]〉H = 〈(x−1, x)〉H = {(x±n, x∓n) |
n ∈ Z}, and it follows that |H ′ : stH(1)
′| = ∞. Note also that H is not fractal
because b = (1, x) and bσ = (x, 1).
We now prove that L(H) = stH(1). One inclusion is obvious, since stH(1)
is abelian and normal in H. Since H is soluble, it follows that L(H) = stH(1)
or H. In the latter case, the action of H/ stH(1) on stH(1) is Engel and, by
Proposition 5, this action must be trivial. This implies that H ′ = [H, stH(1)] =
1, which is a contradiction. 
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